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Sliding Mode Control of Chaos in Duffing’s Oscillator
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Abstract—A sliding mode control scheme is pro-
posed to suppress the chaotic response of Duffing’s
oscillator with unknown forcing function. The exci-
tation is estimated by function approximation with
Fourier series. Based on Lyapunov direct method,
the adaptive law of the function approximation has
been derived. Therefore the sliding mode control
can be applied without knowing the bounds of
the unknown function. The simulation results are
presented to verify the validity of the proposed
scheme.

|. INTRODUCTION

Chaotic response is usually undesirable in the
engineering practice since its behavior is irregu-
lar and unpredictable. Therefore, the control of
chaotic systems has received increasing attention
in recent years. Several techniques have been
applied for the control of a variety of chaotic
systems. One approach is based on the sliding
mode control (SMC) technique. Konishi et al
[1] proposed a bang-bang type SMC method to
stabilize a class of chaotic systems and showed
that the control system is robust to the model
uncertainties. Yang et al developed a strategy
to control Lorenz chaos by applying SMC [2].
Tsai et al showed that one could control a
chaotic system under external force excitation
to arbitrary trajectories, even when the desired
trajectories were not located on the embedded
orbits of a chaotic system [3]. Yau and Yan
presented a sliding mode controller to control
Lorenz chaos subject to sector nonlinear input
[4]. The proposed control law is robust against
both the uncertainty in system parameters and
external disturbance.

In the above literatures, it is assumed that
the parameters are known or are bounded and
the bounds can be expressed with some known
functions. However, In a practical situation, the
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parameters of the system or the bounds may not
be given. Especially the disturbance of a system
is usually known or difficult to be measured.
Furthermore, the parameters of a system may
be time varying variables. Thus, under the cases
where the unknown parameters exist, a feasible
control scheme must be applied in design of the
controller.

In this brief note, we consider the adaptive
sliding mode control of chaotic continuous time
system. Because of the tremendous complexity
of chaotic dynamics, the control plant is re-
stricted to the Duffing’s oscillator which has been
investigated as a benchmark chaotic system.

The Duffing’s oscillator or Duffing’s equation
is of great interest since it has many applications
in engineering [5] and the itis control problem
has been studied up to now [6]-[8]. In mechanical
engineering, such a system can be a model for
the motion of a sinusoidally forced beam which
is subjected to the electromagnetic force and
undergoes large elastic deflections [9][10]. In
early research on the control of the Duffing’s
oscillator, it was found that the PID control could
be applied to eliminate the chaotic response [11].
However, the shortcoming of the method is that
the proper selection of parameters for the design
of the controller is difficulty and the controller
has to be adjusted according to the changes of
system parameters.

This work investigate the SMC based control
configuration for controlling chaotic and regu-
lar dynamics in the Duffing’s oscillator which
forcing term is assumed to be an unknown
function. The adaptive controller is configured
by combining the function approximation with
the SMC. The unknown disturbance is estimated
by function approximation with Fourier series,
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while the sliding mode controller keeps robust-
ness against parameter uncertainty. The purpose
of this short paper is to give a new solution for
the control problem of Duffing’s oscillator by
using advanced nonlinear control theory.

Il. SMC-BASED CONTROL SCHEME
A. The mathematic model

The fundamental Duffing’s oscillator is de-
scribed by the following equation [12]

X+ ox + dx3 = A cos(2rft)

(1)

Suppose the forcing function q(t)
A cos(27 ft) is unknown. Introducing the state
variables x; = x(t), X = x (t) and rewriting
(1) in the state space form yields the controlled
Duffing’s system

{

where u(t) is the control input.
It is desired that x (t) be regulated to x4 =0.
Thus the trajectory error state is written as

X]_:Xz
.
X2 = —dxj— cxz+ g+ U

@)

X=X~ Xd :[Xl Xz]T

©)

Before the controller design, the uncertain
term with unknown bounds q(t) has to be esti-
mated. Because it is usually a sinusoid function,
the Fourier series will be suitable for its approx-
imation.

B. Function approximation

For any set of orthogonal functions {z(t)}
on [t1, t»], a function f (1), which is a piece-
wise continuous real-valued function and satis-
fies Dirichlet conditions, can be represented in
terms of { z (1)} by a series [13]

f(t) = w'z(t) +e(t) (4)

where

w=[aga b agbp-a, bl (5)

z(t) =

[1 coswit Sinwit coswot sinwst
-+ coswpt sinwpt]’ (6)

and

ét) = Y (am cosomt+ by sSinomt)  (7)

m=n+1

ES

&)

In (5) and (7), the parameters ap, @ and b
are Fourier coefficients. As long as n is large
enough, &(t) — 0 and f (t) can be expressed as

f()~w'z(t) 8)
Multiplying by z(t) in (8), then integrating
over the interval [t;, t,] and using the orthogo-
t2
f(Dz(Ddt = w

nality property, we have
t2
/ Z2(t)dt 9)
t1 t1

Hence, the coefficient w; can be obtained from
the quotient

2z
Jiz 2Dt

If {z(t)} is a complete orthogonal set on
[t1.t2] and the expansion wyzi(t) +w,zy(t) +
o oW, z, (1) ++ « - of f () converges. Thus

(10)

tz n 2
lim ‘f(t)— Zwizi(t)‘ dt=0 (12)
1 i=1
which implies

n
FO~> wizt) =w'z (12)
i=1

Since the time varying function z(t) is defined
by (6), the unknown time-varying function f (t)
is replaced by a set of unknown constants w =
Wy Wy = wp 7. Therefore, by suitably choos-
ing the update law of w, a good approximation
of f (t) can be obtained.

C. Controller design

For the simplicity, we first assume that the
unknown disturbance ¢(t) can be approximated
without error and show the sliding control
scheme. Then we discuss the effect of the ap-
proximation error on the closed loop system. A
sliding surface can be defined as [14]

S=Axy+ Xz (13)

then

$= Axo— dx3- cxp+q+u (14)

The best approximation of control input G(t)
of a continuous law that would achieves s = 0
is

U= - (-dxi-cx2+q) - Ax (15)



57

Sliding Mode Control of Chaos in Duffing’s Oscillator with Uncertainties

where g(t) is the estimate of forcing term o(t).
Choosing control law as

u=u-ns-ksgn(s) (16)

where the constants 1 > 0 and k > 0 are pa-
rameters to be selected, and sgn(s) is a function
defined by

+1 (f s> 0)
sgn(s) = 0 (f s= 0) (17)
-1 (f s<0)
Taking (16) into (14), we obtain
$=(q-q)-ns—ksgn(s) (18)

Applying the function approximation tech-
nique described in Section 11-B, q(t) and q(t)
can be presented as

q~w'z (19)
and
4= w'z (20)

respectively. The vectors w, w and z are defined
as

= [Wo Wy Wy * =Wyl (21)
[Wo(t) Wa(t) Walt) « = + W (DT (22)
[1 coswit sin wqt cos wot

sinw,t +++ coswit sinwit]” (23)

where (i = 1,2,-++, N).

Note w is a constant vector, w ER", w(t) €
R" and z=z(t) €R" is a vector of basis func-
tion, respectively. The integer N can selected
large enough such that (20) gives proper function
approximation of q(t).

It is clear that if W' (t) is obtained, the con-
trol input u(t) can be calculated. Now, we use
Lyapunov direct method to find update laws for
w T (t) and discuss the stability of the closed loop
system. Let

N S S
|

W=Ww- W (24)
then
W= -w (25)
Thus, from (18), we have

§ = wW'z-ns-ksgn(s) (26)

A Lyapunov function candidate can be se-
lected as

V= %(SZ + vT/TQv”v) @7)

where Q €R™™" is positive definite and sym-
metric. Taking the time derivative of V along the
system trajectory yields

~dV, dV. 1/ .1 = .
V = 7t+7ss__ §<2W QW+25$>
= sS+W' QW (28)

Note (26), the first term of right hand of (28)
becomes

ss = —ns?—kls+w'zs  (29)

Since W = — W, by taking (25) and (29) into
(28), it can be further written as

V=-ns?— kls + W' (zs— Q\fv) (30)

Because 1> 0and k > 0, if we define update
law of w(t) as (zs— Q\iv) =0 or

w=Q zs (31)

the time derivative of the Lyapunov function
becomes

V= -ns®-kls| <0 (32)

This implies that V(t) < V(0), and therefore, s
and w are bounded.

Equation (31) is the rule for updating w, or
alternatively, it is the estimation rule of g(t). In
numerical simulation, w(t) can be calculated by

A V‘\\/'[ - W’[ - At

W = —— e (33)

where At is the time step in the computation.

D. The approximation error

In Section 11-C, two errors are ignored in the
procedure of controller design. In this section, we
show that the stability of the control system will
not be affected if the parameters of the controller
are selected suitably.

The first error €1(t) is introduced by (19) in
which q(t) is expressed by finite terms of Fourier
series. The second one €,(t) is the approximation
error which is generated in updating W because
it is impossible to have q(t) = W' z(t). Thus the
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error €(t) of the control system can be defined

as
€= €1t €2

(34)

Then the forcing function q(t) can be ex-

pressed by
q=w'z+e (35)

and the derivative of s in (18) becomes

$ (sz—\isz>+e—ns—ksgn(s)

(36)

W'z + e—ns—ksgn(s)

Since the Lyapunov function candidate is de-
fined by (27), from (36) and (28), the time
derivative of V can be derived as

vV o= s(W'z+e-ns-ksgn(s)) + W' QW
—-ns? —kssgn (s) + es
+W'zs+ W' QW

—ns?— Kls| + es+ W' (zs— QW)

= —ns?— kls| + es (37)
Note k > 0O, we have
V<-ns?+es< (-nlsl+[d) [s  (38)

Due to the existence of (t), we may not deter-
mine definiteness of V to conclude any stability
property of the closed loop system. However,
if we choose a suitable set of basis function to
make ¢(t) as small as possible and select a proper
n > 0, the time derivative of the Lyapunov
function becomes V < 0.

E. Numerical simulations

Now, we give the results of numerical simula-
tions to show the effectiveness of the proposed
approach. Fourth order Runge Kutta integration
method is used to solve the systems of differen-
tial equations. In addition, a time step size 0.005
is employed.

The parameters ¢ =0.05, d = 1 are selected
so that the Duffing’s osocillator

X+0.05x + x2 = q(t) (39)

exhibits a chaotic behavior if no control is ap-
plied. The initial states of the system are xo(0) =
3.0, Xo(0) =4.0in the simulations. Suppose g(t)

ES
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Fig. 1. Poincaré map of the chaotic response.

is the forcing function and its actual expression
is

q(t) (40)

The Poincaré map obtained from the response
of the system is shown in Fig. 1 which contains
10000 points and ensures the existence of chaos
in the absence of control. The parameters for the
controller are selected as

A=1, k=2, n=9, Q=0.001,
z=[1 cost sint cos2t sin2t

*++COS 8t sin8t]T,
Wo =[0.10.1++ 0.1]] 7

7.5cos(27tt)

where | €RY*Y7 is the identity matrix.

Simulation results are shown in Fig. 2. The
control started at t 40 s and the chaotic
state of the system was suppressed immediately
to equilibrium point (0,0) in presence of the
unknown forcing function q(t).

Fig. 2(a) is the time response of state x(t). The
sliding behavior of the system is shown in Fig.
2(b). The result of the function approximation
for q(t) is shown in Fig. 2(c). The actual function
q(t) and the estimated one g(t) are shown by the
solid and dashed line respectively. The control
input is given in Fig. 2(d). The results show
that the adaptive sliding mode controller can give
good control performance.

I1l. CONCLUSION

This work has addressed the adaptive chaos
control problem of Duffing’s oscillator. A simple
adaptive controller has been derived to force the
chaotic state to the stable equilibrium point. By
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Fig. 2.

Control performance. (a) x1(t) of the
Duffing’s oscillator, (b) Sliding behavior, (c) Ap-
proximation of q(t), (d) Control input.

function approximation with Fourier series and
based on SMC, the controller can be designed
without the knowledge of the system disturbance.
The stability of the control system is discussed
with the Lyapunov stability theorem. The method
also applicable for non-chaotic control problem.
Numerical simulations are shown to verify the
results.

The researches on bifurcation phenomena in-
dicate that, the states of a nonlinear system can

jump to the chaotic due to a small variation of
the system parameter. In control of a practical
system, the exact value of parameters or their
bounds are are often not available. Therefore
adaptive controller is required. It is hoped that the
scheme developed for this particular chaotic sys-
tem will be applicable to other types of chaotic
systems and the control of chaos in the multi-
variable system is left for the further study.
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